We consider competition between antibiotic producing bacteria, non-producers (or cheaters), and 15 sensitive cells in a two-dimensional lattice model. Previous work has shown that these three cell 16 types can survive in spatial models due to the presence of spatial patterns, whereas coexistence is 17 not possible in a well-mixed system. We extend this to consider the evolution of the antibiotic 18 production rate, assuming that the cost of antibiotic production leads to a reduction in growth 19 rate of the producers. We find that coexistence occurs for an intermediate range of antibiotic 20 production rate. If production rate is too high or too low, only sensitive cells survive. When 21 evolution of production rate is allowed, a mixture of cell types arises in which there is a 22 dominant producer strain that produces sufficient to limit the growth of sensitive cells and which 23 is able to withstand the presence of cheaters in its own species. The mixture includes a range of 24 low-rate producers and non-producers, none of which could survive without the presence of the 25 dominant producer strain. We also consider the case of evolution of antibiotic resistance within 26 the sensitive species. In order for the resistant cells to survive, they must grow faster than both 27 the non-producers and the producers. However, if the resistant cells grow too rapidly, the 28 producing species is eliminated, after which the resistance mutation is no longer useful, and 29 sensitive cells take over the system. We show that there is a range of growth rates of the resistant 30 cells where the two species coexist, and where the production mechanism is maintained as a 31 polymorphism in the producing species and the resistance mechanism is maintained as a 32 polymorphism in the sensitive species. 33 34 Author Summary 35 36
we wish to summarize these different ways before introducing the model we study in this paper. 134 The model of May and Leonard [21] is a rather general way to describe sets of interacting relevant here is a heteroclinic cycle that moves around the boundaries of the phase space [22,23].
141
The system spends most of its time very close to one or other of single-species equilibrium 142 points, and very occasionally switches from one equilibrium to the next. This is only possible 143 because the model is deterministic and allows arbitrarily small densities of each species to 144 recover and become large again. In finite size populations, there can never be fewer than one 145 individual in a population, and once a species is extinct it cannot reappear. Hence, the system is 146 bound to go to one or other of the three single-species equilibrium states. 147 One well-studied model of this type is that of Reichenbach et al. [18, 19] , for which the 148 ODEs may be written: 149 (2) 1 = 1 (1 -) - where T = N 1 + N 2 + N 3 is the total population density. The terms involving  are further 153 inhibitory interactions in addition to the effects of carrying capacity. The inhibitions occur in a 154 cyclic fashion: 1 inhibits 2, 2 inhibits 3, and 3 inhibits 1. The deterministic infinite system will 155 follow a heteroclinic orbit around the boundaries of the phase space, and a finite size population 156 will tend to one or other of the equilibria with only a single species present. Reichenbach et al. 157 [18] developed a lattice model whose well-mixed limit is equivalent to the ODEs of equations 2-158 4, but which shows spiral wave solutions in the spatial case that allow coexistence of the three 159 species. 160 Another case of three species interactions is the production of colicin [6, 7] . In this case 161 the system is composed of three E. coli types: a full producer, P, a non-producer (or cheater) N, 162 and a sensitive type, S. The well-mixed system can be described by a set of ODEs: where T = P + N + S is the total population density. Here, it is important that r P < r N < r S , and 167 that only the S species is inhibited by the colicin production of P. Additionally, there is a linear 168 death rate for each species, which is essential because otherwise T tends to 1 and no further 169 growth is possible. 170 If we begin with a mixture of P and S only, the system in equations 5-7 tends either to a 171 state with only P or a state with only S, depending on how much P is initially present. However,
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if there is even a small amount of N present initially, then N always outgrows P, so P cannot 173 survive. In the absence of P, S always outgrows N. Thus, if we begin from any state with non-174 zero densities of all three species, the system converges to a steady state with only S present, i.e. 175 according to well-mixed models, antibiotic producers will always be destroyed by the evolution 176 of non-producing cheaters, which will, in turn, be destroyed by sensitive cells. Durrett and Levin
177
[6] have shown that in a spatial version of the colicin model, it is possible for all three species to 178 coexist for certain ranges of the rate parameters. Patches of the three species move across the 179 lattice and replace one another, but all three remain present in the long term. As with the
180
Reichenbach [18] model discussed above, it is the spatial pattern formation that allows the three 181 species to coexist. However, the patterns of spiral waves and the patterns of random patches that 182 arise in the two cases are qualitatively different. 183 We now give the ODEs for the well mixed model for the evolution of the antibiotic 184 production rate that we study here.
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This is similar to the colicin model, but the following points should be noted. Here we are 189 assuming that P and N are strains of a single species with intrinsic growth rate r 1 , whereas S 190 corresponds to a second distinct species, with intrinsic growth rate r 2 > r 1 . The growth rate of P 191 is reduced relative to N by the cost of antibiotic production ac, where a is the rate of antibiotic 192 production by P cells, and c is the metabolic cost per unit of production. We count these two 193 factors separately because we are interested in studying the evolution of the rate of antibiotic 194 production. The parameter a is an evolvable property of producers that may be different in 195 different producer strains, whereas c is a fixed property of the metabolic pathway for antibiotic 196 production that cannot be changed (unless a completely different antibiotic molecule arises).
197
The growth rate of sensitive cells in absence of the antibiotic is r 2 . When producers are 198 present, this rate is reduced in proportion to the concentration of antibiotic, A. bactericidal case, where the antibiotic increases the death rate (as was the case in equation 7).
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Note that increasing a leads to a decrease in growth rate of both P and S. 205 We will now consider the dynamical behaviour of equations 8-10. Firstly, it is clear that 206 there are stable equilibrium solutions for each of the three species separately. If only P is present, 207 then T = P, and the equilibrium density of P is:
Similarly, the one-species equilibria for N and S are according to this well-mixed model because the producers are always invaded by non-producing 237 cheats, which are then outcompeted by the sensitive species. Understanding the evolution of 238 antibiotic production therefore requires us to account for spatial interactions. The spatial version 239 of this model will be described in the following section. Moore neighbourhood. The local concentration at any site is therefore , where n p = 9 247 is the number of producers in the local neighbourhood. In some cases, a resistant cell type, R, 248 that is not affected by the antibiotic, is also included. Its growth rate is
the cost of resistance. Later in the paper, we will include the possibility of mutation between P 250 and N types, and between S and R types, but mutations from P/N to R/S are not considered The effect of antibiotic production rate and production cost on competition 264 between P, N and S cell types 265 Simulations were performed on a lattice of 10241024 sites with t = 0.01. Initially, sites 266 were set randomly to be P, N or S with probability 5% each, and vacant with probability 85%.
267
No R cells were present, and no mutation was possible. Simulations were run until only one cell values of c because they grow faster than producers and there is insufficient antibiotic to reduce 308 their growth rate. If the cost of production is too high, then sensitive cells win at all values of a, 309 because the high cost of antibiotic production reduces the growth rate of the producers to a 310 greater extent than the reduction in growth of S by the antibiotic. . It can also be seen that for c  311 8 x 10 -4 , there is a value of a above which S always wins. We know that too high a production 312 rate is always detrimental for producers, because eventually the growth rate will fall below the 313 death rate, in which case the producer would not survive even if there were no competition.
314
Thus, there must be a value of a above which S always wins. For costs less than c = 8 x 10 -4 , this 315 value is beyond the range of a that we were able to simulate.
316
As long as the cost is not too high, there is an intermediate range of a where the three cell 317 types coexist (depicted in grey). Close to the boundaries of this coexistence region, there are 318 parameters for which the most frequent outcome is only P or only N. There are also cases 319 (yellow) where S and P survive till the end of the simulation. This suggests that the fitnesses of 320 these two cell types are close, and that the time required for one to out-compete the other is very 321 long. Nevertheless, we expect that the outcome will always be either one cell type or three, after there is a greater advantage of N with respect to P. The ratio of N:P increases and the total 341 fraction P + N decreases. The value of the production rate that maximizes the producer 342 concentration is the minimal value that permits coexistence. If the production rate is higher than 343 this, it benefits the sensitive cells not the producers. The effect of mutation between P and N. 349 Non-producers are likely to arise frequently within a producer population due to 350 mutations that inactivate the pathway of antibiotic synthesis or secretion. We therefore added the The three initial conditions converge to similar end points. The most frequent producers are P 110 398 and P 100 , close to the values of a for which single producer strains do best in Figs 5 and 7.
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Producers with too high production rate do badly, since there is a growth rate penalty 400 proportional to a, and there is no benefit to producing more antibiotic than necessary. There is a 401 significant broad spread of low-rate producers across the range from P 0 to P 90 . These are cheats 402 that can only survive due to the presence of P 100 and P 110 . This shows that evolution favours the 403 spread of low-rate and zero-rate producers, but these cannot take over the population, and the 404 mixture of low and high rate producers remains stable in the presence of the sensitive cells. the producers will be kept to a low level, in which case there is an opening for sensitive cells that 427 cheat by avoiding the cost of resistance.
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We began with three cell types P, N and S and allowed the system to establish a spatial 429 structure with coexistence. After 5000 time units, mutation was turned on between P and N, and 430 between S and R, with mutation rate  = 1 x 10 -4 . We then determined whether the R type could 431 invade the system and cause it to shift to a new steady state. As before, we set r N = r 1 = 2.0 and r S 432 = r 2 = 2.5. With a = 110 and c = 0.001, the growth rate of the producers is r P = 1.89. We production rate. If the production rate is either too high or too low, only the sensitive cells 474 survive. Coexistence of producers and sensitive cells is only possible if the non-producers are 475 also present because the system with only two cell types would be taken over by either P or S 476 depending on the production rate of the antibiotic. By allowing multiple strains of producers to 477 evolve over a broad range of production rate, we have shown that producers with a moderately 478 large production rate can survive against cheater mutations that immediately reduce production 479 rate to zero and against mutations that gradually reduce production rate in small amounts. In the 480 latter case, we have shown that the stable state is likely to consist of a mixture of strains with a 481 principle producer of relatively high rate and many strains with low or zero production rate that 482 survive alongside the principle producer but do not eliminate it. 483 We have also shown that for certain parameter ranges, the four cell types P, N, R and S, 484 may all coexist. This may be thought of as an example of the evolution of cooperation in two 485 senses. Maintenance of the antibiotic production mechanism in species 1 requires that producers If species 1 dies out, there is no benefit to resistance, and species 2 will become 490 entirely sensitive. If species 2 dies out, there is no benefit to antibiotic production, and species 1 491 will become entirely non-producing.
492
A large variety of both antibiotic production mechanisms and resistance mechanisms is may be thought of as an effective range of the antibiotic (i.e. the typical distance that it diffuses 507 before breaking down). We assumed that production and breakdown of antibiotic is rapid 508 compared to cell division, so that the local antibiotic production is proportional to the local 509 concentration of producers at the current time step. We have also studied a more complex model 510 in which these assumptions are relaxed. In that model, diffusion of the antibiotic beyond nearest-511 neighbour sites is incorporated explicitly resulting in variable antibiotic concentration across the 512 lattice. We keep track of the concentration of antibiotic on each lattice site since it affects the 15 513 birth rates of P and S. We found that this model was much slower to simulate, because updating 514 the antibiotic concentration on each site requires significant time, and because the spatial size of 515 the patches becomes larger when the range of interaction becomes larger than nearest neighbour.
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This means that larger lattice sizes are required to get reproducible results, which also increases 517 simulation time. We have obtained similar results to Figs 3 and 4 with the more complex model, 518 but with fewer parameter combinations, and with a stronger influence of finite size effects.
519
Therefore, we do not present these results here. Nevertheless, it is worth pointing out that 520 incorporating diffusion explicitly in our model does not prevent multi-species coexistence. 
